The purpose of this work is to evaluate the magnetic effect on the MHD free convection along an inclined plate with variable surface temperature. The viscous dissipation and Joule heating effects are taken into account. The numerical solution is obtained by utilizing a fully implicit finite difference method and examined for the coupled effects of magnetic parameter M, inclination angle φ, exponent values of power-law relation n, and Prandtl number Pr on the local and average flow and heat transfer characteristics. The results show that the presence as well as the increase in the magnetic field decreases velocity and heat transfer performance. The influences of M are more significant for smaller n and Pr. For Pr=0.01 and n=-1/3, the average Nusselt number Nu (M=4) is decreased 83.3% relative to that of Nu (M=0) . In addition, the velocity, temperature gradient, and Nusselt numbers are increased with the increase of φ, Pr and n.
Introduction
Free convection flow is driven by the buoyancy effect due to the presence of gravitational acceleration and density variations from one fluid layer to another. Heat transfer by free convection has a wide range of applications in the fields of science and engineering devices. A large number of papers have been published on free convection motion past a semi-infinite plate. The issues concerning laminar free convection for horizontal, inclined and vertical plates with variable surface temperature conditions have been extensively studied analytically and experimentally (1) (2) (3) (4) (5) . These investigations have usually adopted similarity analysis, incorporating the Runge-Kutta integration method or implicit finite difference method to solve the boundary layer governing equations. Among the aforementioned literature, Chen et al. (5) analyzed completely the laminar free convection along horizontal, inclined and vertical flat plates with power-law variation of the wall temperature and surface heat flux. Four sets of suitable non-similar variables were suggested and correlations for the local and average Nusselt numbers were obtained. The problem of free convection under the influence of a magnetic field has attracted the interest of many researchers in view of its applications in geophysics and astrophysics. In addition, magnetohydrodynamics has its own practical applications, such as the cooling of nuclear reactors by liquid sodium, design of heat exchangers, pumps, and flow meters, and novel power-generating systems. A considerable amount of work has been devoted to the Vol. 3, No. 7, 2008 study of steady and unsteady, free or forced convection flow adjacent to a flat plate imposed on a magnetic field. Sparrow and Cess (6) and Riley (7) studied the effects of a transversely applied magnetic field on free convection flow of an electrically conducting fluid past a semi-infinite hot vertical plate. Hossain and Ahmed (8) studied the mixed convection flow with uniform heat flux in the presence of a strong magnetic field. Watanabe and Pop (9) examined the simultaneous occurrence of buoyancy and magnetic forces in the flow of an electrically conducting fluid over a wedge. Ganesan and Palani (10) (11) studied the effect of the MHD on the 2-D transient natural convection flows over vertical and inclined plates with variable surface temperature and mass diffusion. Some recent MHD convection papers were focused on the extended effects such as viscous dissipation and Joule heating, Hall current, chemical reaction, blowing and suction, and thermal stratification effects. These effects are oriented to be important for large variations of gravitational force, operating at high rotational speeds, and strong magnetic field. In addition, MHD heat transfer with chemical reaction is also widely applied in chemical and hydrometallurgical industries. Among these papers, Takhar and Soundalgekar (12) , and Hossain (13) studied the effects of viscous dissipation and Joule heating on the MHD free convection flow past a vertical plate with constant and variable plate temperature, respectively. The same type of problem with a combination of temperature and species concentration effects was analyzed by Chen (14) . El-Amin (15) studied the viscous dissipation and Joule heating effects on MHD forced convection flow from a horizontal circular cylinder embedded in a fluid saturated porous medium. The study of Hall effect on the MHD free convection flow along a vertical plate was analyzed by I. Pop and T. Watanabe (16) . Megahed et al. (17) carried out a similarity analysis in the MHD flow with heat and mass transfer along a vertical plate in presence of a strong non-uniform magnetic field and the Hall currents are taken into account. Chamkha (18) studied the unsteady MHD flow along a moving vertical plate embedded in a saturated porous medium in the presence of mass blowing and suction, and heat absorption effects. Kandasamy et al. (19) evaluated the chemical reaction and thermal stratification effects on the MHD flow with heat and mass transfer over a vertical stretching surface. Among the above literature, the majority of these studies have considered the MHD convection flow with some extended effects along a vertical plate. The MHD natural convection flows with extended effects, however, seems not to have been investigated, either for flow over a horizontal plate or an inclined plate. This has motivated the present investigation. The present study attempts to analyze the MHD laminar free convection along an inclined plate with power-law variation of the wall temperature. The viscous dissipation, Joule heating and inclination effects are included. Because of lack of similar solution for the present study, a set of suitable non-similar variables is recommended. The resulting dimensionless governing equations are then solved by an implicit finite difference method. The corresponding parametric analyses of features such as magnetic parameter M (M=0~4), angle of inclination φ (φ=0°, 30°, 60°), Prandtl number Pr (Pr=0.01, 0.7, 7.0, 100) and exponent values of power-law relation n (n=-1/3, 0, 1/3, 1) on the flow and heat transfer characteristics of MHD free convection flow are examined in detail. It is hoped that the present investigation can be utilized as the basis for scientific and engineering applications.
Mathematical Analysis
As shown schematically in Figure 1 , the study concerns a semi-infinite inclined plate from the horizontal with an acute angle φ that is situated in a viscous incompressible electrically conducting fluid at temperature T ∞ . The wall temperature T w (x) is a power-law variation of x with exponent value n. The uniform transverse magnetic field B 0 is applied in the direction of flow. It is further assumed that the interaction of the induced magnetic field Vol. 3, No. 7, 2008 with the flow is considered to be negligible compared to the interaction of the applied magnetic field with the flow. The Hall effect is also neglected. Invoking the Boussinesq and boundary layer approximations, the governing equations of laminar free convection along an inclined plate can be developed as follows: The conventional notations are defined in the Nomenclature. B 0 is the uniform magnetic field strength, and σ is the electrical conductivity. β is the coefficient of thermal expansion. The second and last terms on the right-hand side of Eq. (3) represent the viscous dissipation and Joule heating effects, respectively. A is a positive constant of temperature difference. By utilizing the order-of-magnitude analysis, the following dimensionless parameters are suggested to transform the governing equations and boundary conditions (1)-(4).
3 /ν 2 is the local Grashof number. ψ is stream function defined by u=∂ψ/∂y and v=-∂ψ/∂x.. The coordinate ξ is so chosen that x does not appear explicitly in either the transformed governing equations or the transformed boundary conditions. Substituting Eq. (5) into Eqs. (1)- (4), one obtains the following system of equations
with the boundary conditions 0
In the foregoing equations, Pr=ν/α is the Prandtl number, and M and Φ are the magnetic and viscous dissipation parameters, respectively. The definitions of M and Φ are as follows: For the present problem, Φ is proposed to describe the viscous dissipation capacity of fluids. When constant A and the working fluid are specified, the value of Φ is achieved. ξ is found to have the expression ξ(x)=(Gr x /5) 1/5 . It characterizes the temperature difference [T w (x)-T ∞ ] and the distance along the plate from the leading edge (x). When x or [T w (x)-T ∞ ] increases, the value of ξ(x) increases. It is noted that the case of uniform wall temperature (UWT) corresponds to n=0, while that of uniform surface heat flux (UHF) to n=1/3. The boundary layers become similar when n=-3. The local wall shear stress τ wx and local Nusselt number Nu x can be expressed as
It is of practical interest to determine the average wall shear stress and average Nusselt number for heat transfer calculation. These two quantities are written as:
where L is the length of plate in the flow direction. ξ L means ξ evaluated at x=L.
Numerical Method
The governing equations (6)- (8) are parabolic at ξ, thus the finite difference solutions for these equations can be marched along the downstream direction at the beginning ξ=0. The governing equations are linearized by means of Newton's method and solved by Keller-Box method (20) . The solutions start with ξ=0, which are obtained by Runge-Kutta integration method, and are assumed to be the initial guessed values of the Keller-Box method. The detail of numerical procedure is omitted here. After some tests with the numerical solutions, an available step size of ∆ξ and ∆η for all cases are ∆ξ=0.1, ∆η=0.01. The boundary layer thickness η ∞ is dependent on the working fluids. For the present study, the suitable values of η ∞ for Pr=0.01, 0.7, 7.0, 100 are 35, 15, 10, 6 respectively. The divergence-free criterion of the numerical calculation is 10 -5 .
Results and Discussion
The present study mainly evaluates the influence of a magnetic field on the flow and heat transfer of free convection over an inclined plate with variable wall temperature. Emphasis is placed on the coupled effects of the magnetic parameter M, inclination angle φ, and Prandtl number Pr on the local flow and thermal phenomena and average heat transfer Vol. 3, No. 7, 2008 performances with ξ for four different wall temperature distributions. For the numerical results, four working fluids are evaluated (mercury (Pr≈0.01), air (Pr=0.7), water (Pr=7.0) and ethylene glycol (Pr≈100)), the corresponding values of viscous dissipation parameter Φ are then calculated. The constant of temperature difference A is chosen as 40. The parametric analysis is executed with respect to M, n and φ by the following conditions M=0~4, n=-1/3, 0 (UWT), 1/3 (UHF), 1, φ=0°, 30°, 60° over a wide range of ξ (ξ=1~10). Figure 2 presents the velocity and temperature profiles across the boundary layer for different ξ without (M=0) and with (M=1) magnetic field. The velocity profiles refer to the left and lower axes, while the temperature profiles refer to the right and upper axes. It is noted that the increase of ξ indicates the increase of downstream distance x from the leading edge or increase of temperature difference (T w (x)-T ∞ ). Thus, the peak velocity and heat transfer rate are increased with increase of ξ. However, if a magnetic field is present it retards the flow field. The velocity profiles descend significantly and the temperature boundary layers are thickened.
The effects of magnetic parameter M (M=0, 1, 2, 3, 4) on the velocity and temperature profiles of the free convection boundary layer over a horizontal isothermal plate (n=0) for Vol. 3, No. 7, 2008 air (Pr=0.7) and water (Pr=7.0) are indicated in Fig. 3 (a) and (b) . The magnetic field exerts a restraining force on the fluid which tends to impede its motion. Thus, the velocity profiles significantly decrease as M increases. For example, the peak velocities at M=1 for both Pr=0.7 and 7.0 are decreased about one half relative to the value of M=0. In addition, the magnetic field also significantly thickens the temperature boundary layers. Figure 4 shows the comparisons of velocity and temperature profiles for various wall temperature distributions T w =T ∞ +Ax n (n=-1/3, 0, 1/3, 1) with M=2 and φ=60° at ξ=5. Fig. 4 (a) and (b) indicate the cases of Pr=0.7 and Pr=7.0, respectively. The case of n=1 has the highest velocity profile and heat transfer rate of all the cases. The reason is a larger n indicates a higher temperature difference gradient between the wall and ambient environment along the plate. The local shear stress and Nusselt number over a wide range of ξ for specified φ=0°, 30°, 60° with M=1, n=0 and Pr=0.7, 7.0.
The corresponding local wall shear stress τ wx in terms of (τ wx x 2 /5µν) and local Nusselt number Nu x over a wide range of ξ for various inclination angles φ are shown in Fig. 5 . It is expected that both the wall shear stress and heat transfer rate increase with rising inclination angle φ. This is because the velocity gradient near the plate increases as φ  increases. In Vol. 3, No. 7, 2008 addition, for a given inclination angle φ, the local wall shear stress and local Nusselt number rise with an increase in ξ. It also indicates that rate of increase of the two quantities rises with the increase of ξ. For larger φ, this phenomenon is more significant. (a) local shear stress (b) local Nusselt number Figure 6 The (a)local shear stress and (b)Nusselt number over a wide range of ξ for specified M=0, 1, 4 with φ=60°, n=0 and Pr=0.7, 7.0.
The effect of magnetic parameter M on the local wall shear stress τ wx and local Nusselt number Nu x over a wide range of ξ for Pr=0.7 and 7.0 at n=0 and φ=60° is shown in Fig. 6 . When ξ is increased, the local wall shear stress and Nusselt number are increased. As indicated in Fig. 3 , the magnetic field tends to impede the flow motion and reduces the temperature gradient near the wall. Thus, the local wall shear stress and Nusselt number decrease as M increases. For example, the local Nusselt number at M=4 decreases 71% for Pr=0.7 and 58% for Pr=7.0 relative to the values of M=0. Table 1 . For a specified n value, the magnetic field effect on Nu is gradually more important as Pr decreases. For example, for the isothermal plate (n=0), the value of Nu (M=4) / Nu (M=0) for Pr=100 is 72.5%, while it is 42.5% for Pr=0.01. For constant heat flux condition (n=1/3), the value of Nu (M=4) / Nu (M=0) for Pr=100 is 82.5%, while it is 60.1% for Pr=0.01. Table 1 also indicates that the magnetic field effect on Nu is more important for the cases of smaller n. For example, for Pr=0.01, the value of Nu (M=4) / Nu (M=0) for n=1 is 82.2%, while it is only 16.7% for n=-1/3. In conclusion, for the cases of lower n and Pr, the magnetic field effect plays a more important role on the MHD free convection flow on horizontal and inclined plates. 
Conclusions
Numerical analysis for the MHD free convection along horizontal and inclined plates including the viscous dissipation and Joule heating effects is performed. The numerical results are provided for the corresponding parameters such as magnetic parameter M, angle of inclination φ, Prandtl number Pr and exponent values of power-law relation n. The coupled effects of these parameters on the MHD free convection flow may be summarized as follows: 1. The velocity, temperature gradient, local wall shear stress and local Nusselt number all increase with an increase of ξ. However, in the presence of magnetic field, the velocity profiles descend significantly. 2. The magnetic field produces a retarding force to the flow and heat transfer. As M increases, the wall shear stress and Nusselt number are significantly decreased. 3. The buoyancy force becomes more pronounced as the inclination angle φ increases.
The stronger the buoyancy force the larger will be the wall shear force and hence the heat transfer rate. 4. For specified φ and Pr, the velocity profile and heat transfer rate increases with increasing value of the exponent n. 5. The magnetic field effect plays a more important role on the MHD free convection flow on horizontal and inclined plates for the cases of lower n and Pr. 
